This talk is based on a recent paper 1 of ours. In an attempt to understand threedimensional conformal field theories, we study in detail one such example -the large N limit of the O(N ) non-linear sigma model at its non-trivial fixed point -in the zeta function regularization. We study this on various three-dimensional manifolds of constant curvature of the kind Σ × R (Σ = S 1 × S 1 , S 2 , H 2 ). This describes a quantum phase transition at zero temperature. We illustrate that the factor that determines whether m = 0 or not at the critical point in the different cases is not the 'size' of Σ or its Riemannian curvature, but the conformal class of the metric.
Introduction
We begin in this paper a study of three-dimensional conformal field theories. In three dimensions, it is necessary to study field theories in curved space to understand conformal invariance (see appendix B in Ref. 1) . The particular example we study is the O(N ) non-linear sigma model 2 , in the large N limit. This is an interacting theory with a non-trivial UV fixed point. We compute the critical properties of this theory on manifolds (M, g) of the kind M = Σ×R, Σ being a two-dimensional manifold of constant curvature. The results can be summarized as follows: on S 1 × S 1 × R (zero curvature), the physical mass of the field, m, is non-zero at criticality. In this case, m is the inverse correlation length and therefore the correlation length is finite at the critical point. This is due to the finite size of the manifold in some directions. (Another well studied 3 case is R S 2 × R; the correlation length at criticality is in fact finite. This is in contrast with the case H 2 × R (constant negative curvature) where, m = 0 at criticality, but the correlation length is infinite. Also, negative curvature induces the O(N ) symmetry to be spontaneously broken at the critical point. Thus we see that what matters, for m to be zero or otherwise, is the conformal class of the metric and not the 'size' of the system. (Limitations of space force us to merely state the results in several places. The interested reader is referred to the longer version of this paper 1 for a general discussion on conformal invariance, for technical details and for a complete set of references.)
Large N limit of the O(N ) non-linear sigma model in three dimensions
The regularized euclidean partition function of the O(N ) non-linear sigma model in three dimensions, in the presence of a background metric, g µν (x), can be written as,
where i = 1, 2, · · · , N . λ is a coupling constant and Λ is the ultraviolet cut-off introduced to regulate the theory.
.) The constraint on the φ fields, φ i (x)φ i (x) = 1, has been implemented by a Lagrange multiplier, in the form of an auxiliary field σ(x). (The canonical dimensions of σ(x) in mass units is, [σ(x)] = 2.) The part of the action quadratic in φ i is conformally invariant 4 under the conformal transformation of the metric, g
. − g is the "conformal laplacian",
µν (x)∂ ν ) + ξR where R denotes the Ricci scalar and ξ = d−2
and is equal to 1/8 for dimensions d = 3. Although the classical action is not conformally invariant, we will see that there is a non-trivial fixed point for the quantum theory at which Z is conformally invariant.
We will now study this problem in the large N limit, as it is not possible to solve this theory exactly. In the large N limit (i.e., N → ∞ with N λ(Λ) fixed), the generating functional can be calculated using the saddle point approximation. To do this, redefine (N − 1)λ(Λ) in the action as λ(Λ) which we keep fixed as N → ∞. Also, rescale the field φ N to √ N − 1φ N . On spaces of constant curvature, we can integrate out the first N − 1 components of the φ field and rewrite Z as,
In the examples we consider in our work, the manifolds are of constant curvature and we can therefore look for the uniform saddle point, σ(x) = m 2 and φ N (x) = b. (The physical interpretation for m is that of the physical mass of the φ field and for b is that of the vacuum expectation value of the φ field or spontaneous magnetization.) The saddle points are the solutions to the following "gap equations", which are obtained by extremizing the action with respect to φ N (x) keeping σ(x) fixed and vice-versa:
where
) is the two point correlation function of the φ fields.
We are interested in studying the critical behaviour of our theory. This is the point at which the theory becomes conformally invariant and all the divergences in the theory vanish. The question then is: Do the divergences that arise in the Green's function, G Λ (x, x; m 2 , g), depend on the metric g µν ?
where h(t; x, y) is the heat kernel of the operator − g + σ. The divergence in the Green's function comes from short distance (UV) and hence from the small t region.
To isolate the divergent part of the Green's function, from the finite part, we use the asymptotic expansion of the heat kernel 1 , which, in three dimensions, is given by,
where d(x, y) is the Riemannian distance between points x and y on the manifold M . The leading term, with a 0 (x) = 1, is the only term that produces a divergence in the Green's function:
We see that the divergent part of the Green's function is independent of the metric g µν (x). Thus the critical value of the coupling constant, λ c (Λ), at which the theory becomes finite, is independent of the background metric.
Zeta function regularization
We will be using the zeta function regularization in this work as we find it to be more tractable when we are in curved space. Since the critical value of the coupling constant at which the theory becomes finite is independent of the metric, we find this critical coupling on R 3 . The Green's function, G(x, x; m 2 , g), is regularized as follows:
where ζ g (s) = λn =0 |λ n | −s with λ n as the eigenvalues of (− g + m 2 ) and the sum includes multiplicities. If the eigenvalues are continuous the sum is replaced by an integral. In this regularization, the gap equation (4) 
The regularized coupling Λ/λ(Λ) has been replaced by 1/λ(s) in the zeta function regularization. Also, we have used the Mellin transform to analytically continue the zeta function. (Note that ζ g (s) has no pole at s = 1.) It is easy to simplify the above gap equation to,
It is well known 2 in the case of M = R 3 that at the non-trivial (UV stable) fixed point, m = 0 and b = 0. m and b are physical quantities and are therefore regularization independent. This implies that, in the zeta function regularization, lim s→1 1/λ c (s) = 0.
We will be using this value of the critical coupling henceforth.
To the leading order in 1/N , the critical value of free energy density in this regularization scheme is
) is a positive operator in our case.) This is a conformally invariant quantity in 3-dimensions. We give an outline of the proof of this in odd dimensions 4 , in our paper Ref. 1.
Study of the O(N ) sigma model on manifolds of the type Σ × R
In the next three subsections we will be studying the O(N ) non-linear sigma model on a manifold M = Σ×R of constant curvature. This is of particular interest to us as it describes a quantum phase transition at zero temperature. We first discuss the general form of the gap equations on such manifolds before going on to study specific cases of Σ. The Green's function we need, G s (x, x; m
−s |x , can be written in terms of the geometry of the two-dimensional manifold Σ:
where ζ Σ (s, x, m
−s |x . At the critical point, in the limit s → 1, the gap equations are given by,
The zeta function, ζ Σ (s), is analytic at s = (10) and (11) take the form,
We have used the Mellin transform of the zeta function, ζ S 1
2 ), in equation (13). We use the standard Poisson sum formula,
, to extract the divergence in the sum from the small t region and perform the resulting integrals to reduce (13) to,
The double sum we are left with is not an obvious one. Nevertheless, we can see that m = 0 without actually solving the equation. To see this, we put in an ansatz m → 0 and we will show that this is inconsistent with the gap equation. In the limit m → 0, the double sum can be approximated by a double integral which can be easily performed and the gap equation simplifies to a transcendental equation for mρ,
It is apparent from the above equation that m = 0 cannot be one of its solutions. This implies that b has to be zero at the critical point in order to satisfy the gap equation (12). The critical value of m as a function of ρ is given by the solution to (14) with b = 0. With this value of m, the free energy density can be computed.
S
Example of a space of constant positive curvature The fact that S 2 has finite volume might lead one to expect m to be non-zero at criticality. But we will see that this is not the case; the manifold S 2 × R is conformal to R 3 − {0} and it turns out that in fact m = 0.
On S 2 × R, ξR = 1/4ρ
2 . The conformal laplacian has the spectrum, Sp (− S 2 ×R ) =
with degeneracy (2l + 1), where l = 0, 1, 2, · · · and k ∈ R. Notice that the conformal laplacian on S 2 × R has no zero modes. At the critical point, the gap equations are,
Again in equation (17) (17) is divergent in the small t region and we therefore have to separate out the divergent piece in the sum before we can interchange the sum and the integral over t. To do this we use an analog of the Poisson sum formula 1 for the case of the sum over half-integers l, and the gap equation simplifies to,
where, by P and it can be shown 1 to be zero at the critical point (m = 0). This just means that the regularized free energy density on S 2 × R is the same as that on R 3 at the critical point, which is what we should expect from general considerations of conformal equivalence of the spaces S 2 × R and R 3 − {0}. 2 . Let the co-ordinate on R be denoted by u and the hyperboloid be parametrized as follows: 
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